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1 Lecture 1 - Introduction and Mathematical Preliminaries

In lecture one the following things are on the list of contents.
e What is elasticity?
e What is a continuum? The need for local quantities
e What is a tensor? Tensor algebra and index notation

e The eigenvalue problem (also see Matteos Misc. Notes)

1.1 Scalar and vector fields

1.1.1 Definitions

A scalar quantity expressed as a function of the Cartesian coordinates such as
f(x1,x2,x3) = constant

Is a scalar field. A scalar field only contains a magnitude - it is a function associating a single number
to each point in a region of space. An example of a scalar field could be the temperature on a plate.

T(2,y) = sin(rz) sin(ry)

0.8 08
06 06
i‘ 0.4 0.4

0.2 02

0
1

0 0.2 0.4 0.6 0.8
z (m)

Figure 1: Temperature field on plate

A similar quantity is a vector field. A vector field contains both a direction and a magnitude - a
vector field assigns a vector to each point in space. An example could be the velocity of a particle.
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Figure 2: Example of a Vector field



1.1.2 Gradient

The gradient of a scalar field is defined as

gy g B 08 (0f Of of
gradf—Vf—a o 1+8 2+83 3= (amlyam’axg)-

Here gradf is a vector point function which is orthogonal to the surface f = constant, everywhere.
One may find the components by the appropriate dot product as

of

871‘1 = €1 - Vf (1)

1.1.3 Operators

The del operator V may be treated as a vector

o), , 20, 00
o0x1 0xo 0x3

For higher orders this may be written as

V()=

() 20,

V0 =VV0 =G+ g + g

These are scalar quantities, and are used frequently.

1.1.4 Divergence

The divergence of a vector field uses the del operator, and is defined as

0A, n 0A, . 0A3
8;101 8%2 &rg '

divA =V-A =
Commonly writtwen as AA.

1.1.5 Curl

Dont really use this, but since there are two ways to mulitply vectors there are also two derivative
forms. The curl is the other one, find it on page 5 of the book.

1.2 Integral Theorems

In this course, two integral theorems are of particular interest. These are used to transform between
contour, area and volume integral. They are Green’s theorem and the divergence theorem.

1.2.1 Green’s theorem

Consider two functions P(z,y) and Q(z,y), which are continuous and have continuous first partial
derivatives in a two-dimensional domain D. Greens theorem states that

§ (Pas+Qay) = [[ (G2 -50) dwa.

Where A is closed region within D bounded by C. Its a way to relate the line integral of a closed
curve to a double integral.



1.2.2 Divergence Theorem

Once again considering the function P(x,y) and Q(z,y), we consider a continously differentiable
vectorpoing function G (essentially the same as a vectorfield) in the domain D. The divergence

theorem states that
/(V-G)dV:/(n-G)dA.
1% A

Here V - G is the divergence. V is the volume bounded by the oriented surface A and n is the
positive normal to A. Its purpose is essentially to convert hard surface integrals into easier volume
integrals.

1.3 Indicinal Notation

Indicinal notation is a way to handle lengthy equations. Forexample, the cartesion vector A may
be written in terms of its components A;, where the index i takes the values 1,2, 3.

1.3.1 Einstein summation convention

If any subscript appears twice, we sum over it. So for example
AiB; = A\ By + Ay By + A3Bs
Or
Dj; = D11 + Do + D3s.

So there are two types of indices. There is a free index, which appears only once in each term of the
equation and ranges from 1 to 3. The other type appears twice in a single term and is then summed
over, this is known as a dummy index

1.3.2 Partial differentiation in indicinal notation

We denote partial differentiation using a comma

0A;

(%cj Y]
In which case both i and j are free indices, so this represents 9 quantities. If the indices are repeated,
we get the divergence

04,

AA =
3xi

=A;; = A1+ Az + Az 3.

1.3.3 Examples of Vectors and indicinal notation

Consider the vector in the figure

\J
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We may write the vector in terms of its components as
V = vi1€e1 + veq

If we ever want to get a component of the vector, say forexample v1, we can simply take the dot
product with the corresponding dot product

v=v-e=(1,1)-(1,0)=1
1.4 Coordinate Rotation

1.4.1 Rotation of coordinate system

This is very used when dealing with principal stresses and strains. I will explain using the figure
from the book, it helps a lot to follow the figure and go along.
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Figure 3: Two cartesian reference frames

In the figure we have a point P and a position vector pointing to that point r. Along with this we
have two different sets of cartesian reference frames, z; and z; who both share the same origin. The
corresponding unit vectors are e; and €}. First consider the point P in the x; reference frame, it has
coordinates P(x1,22,23). In the primed reference grame, we instead have P(z}) = P(z}, x5, x%).
The point is the same, but its just described in two different ways - we wish to find a way to translate



between the two reference points. We do this by describing on reference frame in terms of the other,
so lets start with describing ) in terms of x; - to aid i have provided a figure below. Its essentially
just breaking down a 3D vector into its components using coordinate direction angles (like we did
in statics)

X; = EDIKI+ Cad(By) K+ €U CTH) S

Figure 4: Breaking ) into components in x; reference frame

Now using the definition that
a;j = cos(z}, x;) = €} - e5 = cos(e], e;)

Where o is the direction cosine and is the cosine of the angle between the 7’th primed and the j'th
unprimed axis We may sate that for 2} we get

J?’l =111 + Q1229 + Q13 T3
Similarly for the other two axes:

/
Ty = Q21 T1 + Q22 T2 + Q23 X3,

/
Ty = Q31 T1 + Q32 T2 + 33 T3.

For convenience, this may be written in matrix form as

€Ty aip G2 (a3 x1
/
) = Q21 Qg2 (23 €2
/
T3 @31 Q32 (33 Z3
or
' = Rx

Alternatively this can be written in indicinal notation as

/ e .. .
Ty = QL



1.4.2 Rotation of tensors

To change a tensor from one reference frame to the other, consider consider the tensor T'. To go
from the unprimed coordinate system to the primed, use the following formula:

T' = RTRT

T’ = [ay]T[ay]

Alterntively this can be written as

Or in index notation
!
T, = apoiThy

This is often used to rotate strain or stress tensors.
If one wants to go the other way around, then

T=RTT'R

1.5 Operational Tensors (Kronecker delta and permutation tensor)

1.5.1 Kronecker delta

The Kronecker delta is defined such that
0y =1ifi=7j
0;; =01if i # 4.

Another definition is simply
5ij =€; - ej.

It is very useful, as it can be used to swap on indice with another, forexample
U,‘&ij = Vj.

S0 4j swaps ¢ with j

1.5.2 Permutation tensor

The permutation tensor €;5, has the following properties:

gijk =0 | If any two of 7, j, k are equal
gijk =1 | For an even permutation (forward on the number line 1,2,3,1,2,3,...)
;i = —1 | For an odd permutation (backward on the number line 3,2,1,3,2,1,...)

So examples could be €115 = 0 €310 = 1 and €397 = —1

Its real use case comes when evaluating the cross product. A lengthy derivation is in the book, but
essenctially if one wants the cross product

AxB
In component form, then this may be written as
EijkAjBk-

Useful later for conservation of angular momentum. The derivation is on page 12 of book.

10



1.6 Tensors

A tensor is a set which transform from one coordinate system to another. In theory of elasticity, we
use 0,1 and 2nd order tensors. 0 order is a scalar, 1st order is a vector, and 2nd order is a matrix.
It is a mathematical object that linearly relates vectors (or other tensors) in one coordinate system
to vectors (or tensors) in another, The difference between a Tensor and a matrix is that a matrix
can be non-physical, whereas a tensor has to describe a physical state.

A tensor takes a vector and gives another vector

w=Tv

1.7 Eigenvalues and Eigenvectors

Consider a tensor T and a vector v. In generel, the vector w = T'v is not parralel to v. If it is,
then v is an eigenvector of T'.

AV

7 Ty=dy
=

0

Ve m“' ‘H\m zi%am\lzj'br. v 1S Qw ngz\wgée?\r,

When v is an eigenvector, the tensor T does not change its direction, but only scales it by some
value - this value is the eigenvalue A. In other words, the eigenvalue A is the factor T scales the
eigenvector v.

We find eigenvectors by rewriting:
Tv=M=(T-A)v=0
To avoid the trivial solution v = 0 we require that
det(T — X)) =0
By solving this equation the eigenvalues \; are found. To find the eigenvectors solve
(T —X\I)v;=0

For i = 1,2,3 (no summation)

1.8 Examples and homework problems

1.8.1 Example 1

Show that d;;0;, = d;x Expanding using the summing convention yields
0i101% + di202k + 0iz0k3

So for any choice of i and k this yields d;;. As an example lets choose i = 2

02101 + 02202; + 6230k3 = 02k

11



1.8.2 HW 1.1 (a) and (e)
(a) show that ¢;;0,; = 3

03j0i5 = 011011 + 012012 + 013013 + 021021 + 022022 + 023023 + 031631 + 032032 + 033033

4
9i50i5 = (1)(1) + (0)(0) + (0)(0) + (0)(0) + (1)(1) + (0)(0) + (0)(0) + (0)(0) + (1)(1) =3

Alternatively this could have been shown using the fact that dij swaps the indices ¢ and j
0ij0ij = 04y = 011 + 022 + 033 = 3
(e) show that §;;Cjr = Cigs
0i;Cjrt = 0:1C1 11 + 032Cak1 + 653C 31
If i choose as an example ¢ = 1, so i would get Cix;, we can check if it holds using the equation
01;Cjk1 = 611C1x1 + 012051 + 013C31 = Clpy
This could also have been shown by using the fact that dij swaps the indices ¢ and j

1.8.3 Write the divergence theorem defined in (1.14) in indicinal notation

From (1.14) in the book we had

/V(V-G)dV:/(n-G)dA.

A

The divergence on the RHS in indicinal notation may be written as G;; and the dot product on the

LHS as n;G;, thus yielding
1% A

12



2 Lecture 2: Stress part 1

In this lecture the following things are on the list of contents.
e The eigenvalue problem: Change of reference frame
e How are forces handled by a solid?
e The stress vector and the Cauchy stress tensor

e The Cauchy theorem: Stress on a normal plane and dyadic represenation.

2.1 Change of reference frame

Consider a vector and two different reference frames

N

G

:

E.

We may write the vector in terms of its components in either reference frame.

!
vV = Vi €4 = V; Wy
~~ ~~
e1,ex-frame w1, wa-frame

Remember! v; # v} since we're in two different frames. If we take the equation above, and multiply
both sides by w; we get
vi€; - wj = vgw,- . ’LU]'
Now using that e; - w; = ay; and w; - w; = d;; the equation becomes
ViQ; = ’UZ/'(SZ‘J‘

Swapping LHS and RHS aswell as indices due to kronecker delta yields

[

Yy

QiU

Now we have a formula for calculating vector components in new coordinate system based on the
old one! Just choose j. We may write this in matrix form as

Uy a1 Q12 Q13 U1
/

Vg = Qg1 Q22 (23 = V2
!

U3 Q31 Q32 Q33 U3

Using the fact that o;; = e; - w; we may rewrite this as

(%1 w1 -€1 Wp-€z Wip-E€3 U1

vh | =] warer wao-ex wa-ez | = v

A w3-e; Ws-ey W3- e3 V3
R

13



Since e; is our reference coordinate system, then the rows of the rotation matrix above, is simply
just the new coordinate axis in our old reference system, i.e

S
R=| wy
w3
or in other words
v = Rv
Also note that
W; = RTeZ-

(se noter under lecture 2 for eksampler) Another important property is that
RTR=1

i.e they are orthogonal.

2.2 State of stress

To determine stress, we need both a surface and a force - this is very important. Never one without
the other. Consider a surface with area A and unit normal vector n on which there is an applied
load F

Vecton normal ¢o |

)

n
F

-

An estimate of the traction / stress vector on the surface is given as

The actual traction vector is given by taking the limit of this as A — 0

t, = lim —
" Ap—0 An

The traction vector t,, is the stress intensity at the point for the particular orientation of the are
element specified by n. A complete description at the point requires that the state of stress is known
in all directions, so the traction vector is not enough by itself. We need to find a relationship between
stress and n, we look at a small cube of our material and consider the surface with unit normal e;

14
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The traction vector on this face may be written in terms of its cartesian components
t; =o11€1 + 01262 +013€3

This applied to all the three different sides, yielding the general relation

Set i component to desired surface and sum over j. The coefficients 011, 012..033 are stresses, and
the entire array of these stresses forms the Cauchy stress tensor. The subscripts are as follows
for the stresses

e 7 is the surface on which the stress acts

e j is the direction in which the stress actors

2.3 Stress at a point

Before we looked at the stress on one of the planes of the cube, but what if we want the stress in an
aribtrary direction? In this case, the formula is:

ti = aijnj

You pick ¢=1,2,3 depending on which component you want, and then sum over j. I'm going to
derive this by hand. This is the cauchy theorem

15
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2.4 Stress on a normal plane

Consider the figure, on which we see are differential surface element with a traction vector. To get
the normal component, simply do
Onn =tp M

To get the shear do

Ons =ty -5 = (Lit; — 02,)/?

2.5 Examples and homework problems

I have put the examples from this section together with the ones in lecture 4 for a more complete
overview. The homework for from the lecture is here though.

2.5.1 HW 1.1(c)
Show that a;;bjr = qinbnk
aijbji = a;1bik + auebar + ai3bsk = Qinbpk
I mean j is a dummy index, i can call it whatever lol.
2.5.2 HW 2.1
Find the components of the traction vector
t=on, where n = (n1,ne,n3) = (%, %,0),

for the following stress states: (there is a typo in book)

l.op1=0, 012=0, 013=0,
001=0, o092=0, o033=0.

2. onn=o0, o12=0, o013=0,
o2 =0, o0923=0, o033=0.

Part (a)

17



Could do this with the formula above, but im going to do this component wise, so using ¢; = oy;n;.
Also recall that o;; = 0;

t1 = o11ny + o12n2 + o13N3 =

to = 021M1 + O22M2 + O23N3 =

SRR

t3 = 03111 + 032n2 +033n3 =0

Part (b) i will do using matrix formulation

t, =on

Yields .

c o 0 V2 V2

c o 0 % = V2

0 0 O 0 0
2.5.3 HW 2.6
At a given point in a body

011 = 022 = 033 = —P

012 = 023 = 031

Show that the normal stresses are equal to —p and that the shearing stresses vanish for any other
Cartesian coordinate system.

We may write

—-p 0 0
o= 0 —p O = —pl
0 0 —p

This is a case of hydrostatic stress. The entries on the diagonal are the normal stresses. To show that
any Cartesian coordinate system has no shearing stresses, we can state the its the identity matrix
scaled by something, so if we take an arbiraity rotaion matrix R and try to change our coordinate
basis, we would just get

o' =RoR” = R(—pI)R" = —pRR" = pI =0

The last part is because they are orthogonal, LE RRT = I. So no matter how we rotate it, we’ll
still have the original stress matrix, which has no shearing stress.

18



3 Lecture 3: Stress continued. Balance laws & principal
stress

In this lecture we have the following bullet points
e A bit more on the cauchy theorem
e Equilibrium equations
e Principal stresses

e Stress transformation (also see notes on eigenvectors)

3.1 Equilibrium (Conservation of linear momentum)

Consider an arbitrary body under stress

. ¢

_

Body forces are in units of [-25].

We do static equilibrium in integral form since we want to generalise

ZF:O:/de—k/tndA:O
14 A

For convenience, we rewrite this using indicinal notation

/fidV+/tidA:0
\%4 A

Using that t; = o;;n; (we dont know its symmetric yet :))

|4 A

To get this under one integral, we use the divergence theorem. Recall that fv G, dV = fA n;G;dA.

/fldV—k/ajde:()
14 14
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Factoring

/ (fi + O‘ji’j)dV =0
|4

Which is our equilibrium equation. In matrix notation it becomes

For this to hold we may state that

f+dive™ =0
the stress tensor is symmetric, so we may remove the transpose, yieding the equations
ijj +fi =0

And
diVO'ij +f=0

3.1.1 Quick note on Angular momentum

Its a very lengthy derivation, so it might not be on the exam - however there is a key take away.
The reason the stress tensor is symmetric is due to angular momentum / rotational

equilibrium

3.2 Principal stresses

A principal plane, is a plane on which the normal stress is at an extremum. The corresponding stress
on this plane, which is then purely normal, is called the principal stress. With principal stresses we
have no shear. The maximum principal stress, it the largest amount of normal stress the body can
be subject to, if its oriented in the corresponding principal direction. Lets derive this how to find

them.

If the traction vector t,, is to be purely normal stress, it has to be parallel to the unit normal vector

defining the area n. A figure is drawn for completeness

At

=

Peinc:po Not  PrinciPal

Figure 5: Principal vs not principal
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To enforce that the traction vector is parralel to the normal vector, we may state the it simply
has to be the normal vector scaled by some value A.

t, = An

From this we can derrive the eigenvalue problem. Dotting both sides by e; to get it on component
form

We know that t; = 0;;n;, inserting on the LHS
04N = A
Using the indice swapping of the kronecker delta, we may state that n; = §;;n;.
05N = Adjjn;

Subtracting and factoring yields
(Uij — (52])\)11] =0

This is the eigenvalue problem. In matrix form we get
(o —AI)n=0.
Solving this in 3D yields 3 eigenvalues, which are the three principal stresses, aswell as the corre-
sponding eigenvectors n which are the principal directions.
3.3 Stress invariants
Two are important. The determinant, which we know, and then the trace, which is just the sum of
the elements on the diagonal. Invariants do not change under rotation - important properties
3.4 Properties and Special States of stress

i will fill this in later, look at lecture 1-4 for examples i wrote down in samsung notes.

3.5 Homework

3.5.1 HW 24

Determine the body forces for which the following stress field describes a state of equilibrium

Opw = —22% — Sy2 — 5z, Oy = 2% + 4y — 6,
Oyy = =297+, Opr = =32+ 2y + 1,
0., =4dx +y+ 3z —5, oy. = 0.

Will use the equilibrium equation oy ; + f; =0

fe—4x+42x4+0=0= f, =0
fy+4y—4y+0=0=f, =0
f:—-3+0+3=f,=0

The body forces are required to be 0 for the stress field to describe a state of equilibrium.
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3.5.2 HW 2.5

Determine whether the following stress field is admissible in an elastic body when body forces are
negligble
yz+4 2242z Sy+4z
o= | 22+2z x2+3y 8a?
oy + 2 82 2xyz

Will once again use the equlibrium equation dive +f =0
f:=04+0+1=0= f, =—-1

Can already tell here what it is not admissible, as f # 0

3.5.3 HW 29

The stress tensor at a point P(z,y,2) in a solid is

120 40 30
o= | 40 150 20
30 20 100

(a) Determine the stresses with respect to a set of axes x’,y” and 2’ for which the matrix of direction
cosines is

1 _ V3 0

2 2
= |

0 0 1

For this we simply do
1079 -33.0 -2.3

0'/ = [Olij]O'O[ji = —33 162.1 36.0
-23 36.0 100.0

(b) Compute the principal stresses using both the x,y, z basis and the z’,y’, 2’ basis.

I do this using MatLab. In z,y, z basis i get Ay = 77.17, Ay = 102.42, A3 = 190.4. I get the same
in the primed basis, which must mean they are invariant. This makes sense, the principal stresses
should stay the same, we just rotated our frame - we should arrive at the same principal stresses
regardless of what our start basis was.

(¢) Find the orientation of the principal planes in the z,y, z basis.
Will be done using (o — XD T)n® for i = 1,2, 3. This yields
nM = (—0.66,0.16,0.73)
n® = (0.48,—0.65, 0.59)
n® = (0.57,0.74,0.35)
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4 Lecture 4: Stress part III - Angular momentum

The bullet points for this lecture are
e Principle of angular momentum

e More on principal stresses and stress transformation

4.1 Angular momentum

We consider a body equilibrium.

A
N
yX

&

Now summing torques, as this has to be in equilibrium, we know that to calculate the torque
at a point, we may take the cross product between that point and origin, and the force. Again we
want to keep it in a general case, so we use integrals. We get

/xxde—l—/xxtndA:O
\4 A

We want to write this on component form, we use the permutation tensor as discussed in 1.5.2 we
may write the cross products as

xxf= Eijkxjfk

X Xt, = Eijkitjtk = EijkT ;01T

Inserting this into the original equatio
/ ajkxjfdeﬁ—/ Eijkl‘jdlknldA =0
v A
We wish to use the divergence theorem to put them under a common integral.
/ €ijk1‘jfkdv+ / (6ijk3}j0'lk),ldv =0
\% v

We'll carry out the derivative.

(Ez‘jkxjalk),l = Eijk(mjmk),l = 5ijk(1'j,l0lk + xjglk,l)
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Its apparent, that x;; = 1 if j = [, otherwise its 0. LE its simply 6;;. Inserting all this newfound
knowledge

/ €ijk (T fx + 0100 + xj01,,)dV =0
v

We may do a bit of factoring, and also change indices due to the kronecker delta
/ eijk (2 (fx + o) + ojk)dV
v

The term (fx+ox,) is simply the linear equilibrium equation, this equates to 0 if there is equilbrium,
so by removing that we end up with

/ Sijkdjkdv =0
v
This equation holds if
EijkOjk = 0
This equation shows that the strain tensor is symmetric. By evaluating for ¢ = 1,2,3. I will show
fori=1

€1jk0jk = €111011 +€112012 + 113013 + €121021 + €122022 + €123023 + €131031 + €132032 +€133033 = 0

€123023 + €132032 = 0 = 093 — 032 =0

Finally yielding
023 = 032

4.2 Examples and Homework (could be put together with examples in
lec 3)

4.2.1 Examples
4.2.2 HW 2.2 (only a, b ,d and e)
The state of stress at a point P in a structure is given by

g11 = 20000, 099 = —15000, 033 — 3000
012 — 2000, 023 = 2000, 031 = 1000

(a) Compute the scalar components of the traction t,, on the plane passing through P whose outward
normal vector n makes equal angles with the coordinate axis. Such a unit normal vector must be

n=(1/v3,1/v3,1/V3)"

The stress tensor is
20000 2000 1000

o= | 2000 —15000 2000
1000 2000 3000
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Using t, = on

20000 2000 1000 % 13279.06
t, = | 2000 —15000 2000 % = | —6350.85
1000 2000 3000 % 3464.10

(b) Compute the normal and tangential components of stress on this plane.

Will be done using 0, = t,, - 11 and o5 = t,, — (t,, - n)n. Yielding
Onn = 6000

Ons = (9814.95, —9814.95,0)T

Something weird here
(d) Determine the principal stresses.
These are just the eigenvalues. Using MatLab or whatever yields

A1 = —15319, A2 = 3133.4, A3 = 20186.3

(e) Determine the direction of maximum principal stress
This is just the eigenvector corresponding to A3. This is found to be

vs = (0.996,0.060,0.065)"

4.2.3 HW 2.3

The state of stress at a point is given by the components of stress tensor o;;. A plane is defined
by the direction cosines of the normal (1/2,1/2,1/4/2). State the general conditions for which the
traction on the plane has the same direction as the xs-axis and a magnitude of 1.0.

A lot to digest, we have that

n=(1/2,1/2,1/v?2)

We require that

t, = (0,1,0).
We have that
t, =on
We may set this up in a vector form
1
0 011 012 013 g
1| =] o012 o022 023 3
0 013 023 033 7

From this we get

0.5011 + 0.5012 + 0'13/\/5 =0
0.50’12 + 0.5022 + 0’23/\@ =0
0.5013 + 0.5023 4 033/V2 = 0

These are the conditions to be met.
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4.2.4 HW 2.8 (a) and (b)

The stress tensor at a point P(z,y, z) in a solid is

Q
|
— = W
N O =
O N =

(a) Show that the principal stresses are 4, 1, and -2.
I will just do the eigenvalue problem

det(oc —AI) =0
\
3-Xx 1 1
I =2 2 [ =B\ =4)—(-A=2+2+N)=-X+3\2+61-8=0
1 2 =\

=M =-2,A=1X3=4

(b) Find the orientation of the principal planes
Will be done using (o — AI)v = 0 for each A

v) =(0,1/v2,1/v2)",v® = (1/v3,1/v3,1/V3)T,v® = (0.817,0.408,0.408)"
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5 Lecture 5: Strain part I

Bullet points from this lecture are
e How do we describe the deformation of a continuum?
e How do we define strain?

e The strain tensor (covered in Lecture 6)

5.1 Introduction to strain

Displacement with respect to a coordinate system bay be physically observed, calulated or measured
for a deformed elastic body. There is two components to displacement - one due to relative move-
ments or distortions within the body (strains), and the other where the entire body moves (rigid
body motion). The relationship between displacement and the internal distortions are known as the
kinematric or the strain-displacement equations.

In general we have two kinds of strain. Normal strain: Change in length. Shear strains: Change in
angle.

5.2 Strain

We consider the undeformed and the deformed positions of an elastic body shown. We designate
two sets of coordinates x; and X, called initial coordinated and final coordinates. We designate a
reference point P(z;) on the undeformed body, and reference point p(X;) on the deformed body.
We also locate neighbouring points Q(z; + dz;) and ¢(X; + dX;) that are separated from P and p
by the distances ds and dS.

XaX;

XXy
) 5

P

Figure 6: Displacement vector in Cartesian space

From this fugure, its apparent that

ds+ (u+du) =u+dS =du=dS —ds
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In the case where dS = ds then du = 0. This means that there is only rigid body motion, and the
displacement is homogeneous. We reduce to a 1D example to get a better understanding.

L Kgpmaont L
f— = — E 43 m
Y A B
L.
dowrt S
> - :
A B
u p
1 (1)}
[PA} .
&l =23
L

Figure 7: 1D example

In the figure we have two kinds of displacement. In the first one (1), no ends are fixed, and both end
are displaced by the same amount, this is shown with the red line in the displacement vs x graph. In
the other case (2), the left end is fixed, so when the bar is displaced, the displacement varies linearly
across the bar. In this case (2) we have strain, where as in case 1 we have only displacement. From
our definition of engineering strain we know that (since L is elongated by the displacement u
AL uw Ou

=L TL o
We return to the 3D case in Figure (6). Using Pythagoras thereom to get (dS)? = dX;dX; and
(ds)? = dx;dx; we get

(dS)? — (ds)? = dX;dX; — dx;dx;

We remember that X;(x1,x2,x3) is a function of x;. If we change our point x; we change X;, from
the chain rule this means that dX; = gf? dz;. Conveniently for us, the first part is simply the
J

divergence of X; when we sum over j, so we may state that dX; = X; jdzr;. We have two cases, so
we introduce another index k, so we get

(dS)* — (ds)? = X, jdz; X; pdxy — dz;dw;
We do a trick, and write dz;dz; = 6;;0;1drjdxy, and get
(dS)? — (ds)? = X; jdz; X; pdxy, — 0;;0,dx jdy,
This allows us to factor

(d5)2 — (d5)2 = (XiJ'XiJg — 5ij5ik)dmjdxk
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Cleaning up the kronecker delta
(dS)* — (ds)? = (X, ; Xik — Oji)dx;dwy,

Using that X; = x; + u;

(d8)? = (ds)* = ((wi + uq) j (@i + ui) & — Gjx)devjday,
We know that dx; ; = 6;;

(dS)? — (ds)* = ((8ij + wij) ik + wik) — ) dzjday,
We multiply out the bracket

(dS)? — (ds)? = (ujx + up,j + wi ju; g )dwjdog
We simply define €, = %(uj,k + ug,j + uijui ) and get
(dS)? — (ds)? = 2ejpdx;dxy,

This is the lagranian approach. The next lecture very much picks up where this ended, so im going
to go straight to homework in this one

5.3 Homework and examples

Example in the main part of the 1D case.

5.3.1 HW 3.1 (a)

The components of a displacement field are
u, = (2% +20) x 1074
Uy = 2yz X 1073
u, = (2% —xy) x 1073

(a) Consider the two points in the undeformed system, (2,5,7) and (3,8,9). Find the change in
distance between these points.
The distance before was

dbefore = \/(3 - 2)2 + (8 — 5)2 + (9 — 7)2 = 3.7417

The new points are calculated using the displacement field.

24+ (22+20)-107* |1 [ 2.0024 ]

Pl,new = 54+2-5-7- 10_3 = 5.07
| 7+ (7?=2-5)-107% | | 7.039
3+(32+20)-107* T [ 3.0029 ]

DP2,new = 8+2-8-9- 10_3 = 8.144
| 94+(92=3-8)-107% | | 9.057 |

Now the new distance is calculated
dafter = \/(3.0029 —2.0024)2 + (8.144 — 5.07)2 + (9.057 — 7.039)% = 3.81
The difference is then

Ad = 3.81 — 3.7417 = 68.3 x 1073
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6 Lecture 6: Strain part 11

Bullet points for this lecture includes
e Physical Interpretaion of the strain tensor
e Principal strains

e (self: Continuation of strain tensor)

6.1 The strain tensor

6.1.1 From Lecture 5

From last time we arrived at the Lagrangian strain tensor

1
ey = 5 (Wi + g + uk s )
This was done my deriving it in the undeformed coordinate basis x;. If one on the other hand does
it in the deformed coordinate basis, then we get the eularian strain tensor - only difference is the
sign of the non-linear part.

E

i = 5 (Ui + g = ukin,)

The core differences are the sign of the nonlinear terms AND the basis you take the derivative with
respect to! For the Lagrangian, its with respect to x;, for for the Eulerian its wrt Xj.

n

6.1.2 The small strain tensor

In the even that u; ; << 1, then the nonlinear terms wy_ juy ; are neglible. In other words, since u
is a vector field, this is the same as saying Vu << 1. In that case the siLj ~ 55 and the components
of the strain tensor are reduced to (for small strains only!

1
€ij = 5 (uij + )

In matrix notation

1
€= §(Vu + vau®)

We can see from pure definition, that the strain tensor is symmetric.

6.2 Notes on why its not just as in the 1D case - (and rotation) - A LOT
OF FORMULAS HERE ARE CONCEPTUAL

In 1D we know that

_ Ou

T ox

So a natural thought in 3D would be that the strain tensor would be defined as e = Vu - but
THIS IS NOT THE CASE! This leads to some very non-physical behavior. Lets first consider a
displacment vector field . u contains information about strain, rigid body translational motion, and

3
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rigid body rotation. Lets first entertain the idea that € = Vu. If u is purely rigid body translation,
I.E something like
0
U = 0
0.1

Then Vu = 0, which is correct. If we instead consider the case of pure rigid body rotation around
the x5 axis, such that
z3
U= 0
—1

Then Vu # 0. In fact

This shows that the displacement gradient does not only contain information about deformation of
matter (strain), but also contains information of rotation - hence we cannot use it as the definition
of the strain tensor. To get the strain, we need to somehow take the displacement gradient and
remove any contribution from rotation - this is possible. We take a small detour into the maths.

A tensor A may be split up into its symmetric part and skew symmetric part. The defintions are as
follows:

Agym = %(A e
Askew = 5(A— A7)
In indicinal notation this is simply
Aij,sym = %(Aij + Aji)
Atjken = 5(Ai; — Aj)

It holds that
A= Asym + Askew

We may use this. It turns out that that the rotational part of the displacement gradient is directly
linked to the rotational - so by subtracting it, we get rid of the rotational parts. We do it as follows

1 1
e =Vu-— §(Vu —vul) = §(Vu + Vaul)
And this is the correct formulation of the strain tensor!

6.3 Physical interpretation of the Strain Tensor

6.3.1 Extensional strains (normal strains)

Lets first look at a special case, where we consider a fiber parallel to the xo-axis of initial length ds
and final length dS. For this fiber, dzq = 0,dzy = ds,dxsz = 0. (this is due to the definition of arc
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Xy

ds aLS

/ Xa

Xy

length really, like ds = \/dz? + dz3 + dz3. A figure is shown of this configuration From before we
derrived that (d5)?(ds)? = 2¢jxdzjdzy. In this configuration we would then get

(dS)? — (ds)? = 2egadwady = 2e95(ds)?
Using he difference of two squares and rewriting a bit
(dS — ds)(dS + ds) = 295(ds)?
0

dS — ds 2ds ds + ds

ds  dS+ds 2T dS+ds 2

Now since the change is super small, 5;1‘32 ~ 1. This yields

dS — ds
ds

€22 N

This means that €95 is the relative elongation of a fiber parralel to the xo-axis. Similar interpretations
can be done for £17 & e33. These entries sit on the diagonal of the strain tensor, and are the relative
elongation in that direction.

6.3.2 Shear strains

We focus on the components €;;,% # j. We consider two fibers initially parallel to two of the
coordinate axes. In this case, we consider fibers initially parralel to the x; and x3 axes.

X’S )(-5 gﬂl

T

ds™

_ > X'L =
"-Sm (le FQP"‘?&
UndeCormed
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It is apparent that 3 4+ 3®3) = 8. From lengthy derivation, the book arrives at

B = (u1,3+us1) = 2¢e13

That is the strain component 13 is equal to on half in the increase in the angle between two fibers.
(important note: Shearing stresses are commonly taken as the total angle increase, this is engineering
strain, but this violates the tensor character). In pure shear, then g

6.3.3 Rotation vs Shear strain

Building upon the example from before. We split up the displacement gradient into two parts
Uij = Eij + Wij
w;; is the skew symmetric part of the displacement gradient. The components are defined as

1
wij = 5 (Ui — uji)

Before we arrived at 8 = 2e13. If we compare then we may state

5(1) _ 5(3)

w13z =
2

Which is the average rotation of all fibers around the zs-axis. For a rigid body rotation (1) = —(3)
which results in €13 = 0 and w;; = BM) . Some examples are provided below:

ﬁ(‘\
Pure Sheanr i X
v ¢ Pure (otation A MY OF the 2,

Further notes are
e For pure shear u; 3 = u3z

e For pure rotation uy 3 = —us 1

6.4 More on rotation

The rotation tensor is given as the skew symmetric part of the gradient

wij = 5 (Ui — uj)

2

This tells us about the average rotation around axes. So for example wi3 tells about the average
rotation around the x5 axis.
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Vector Field u = (x,, 0, -x,)

Figure 8: Rigid body rotation about zs-axis

6.5 Principal strain

We saw that the strain tensor exhibits the same behavior as the stress tensor, this means that the
principal strains are the eigenvalues and the directions are the eigenvectors of the strain tensor. I.E.
solving

’ (€ij — Adij)n; = 0\

Or in tensor formulation

(e=AI)n=0

An important note is that the principal directions of strain do not generally coincide with the
principal directions of stress. They do coincide in the case of isotropic elastic materials.

In principal directions, we have pure normal strain, so no shear.

7 Lecture 7: Volume change & comparability

The bullet points for this lecture are

e Volume and shape change

Compatability equations

e Summary of tensor calculus, algebra, stresses and strains

Constituve equations (Kommer i lec 8)

Introduction to generalized Hooke’s law (Kommer i lec 8)
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7.1 Volume and shape change

It is convenient to seperate the components of strain into those that causes change in volume, and

those that cause changes in shape.

We consider a volume element oriented in the principal directions. The shearing stresses are then
equal to 0. The original side of the lengths are dz(¥). We may calculate the final length as

dX®) = dz®) (1 4 )

Thus we may find the original volume as

3
dv = H dz®)
k=1

Then the final volume is

3 3 3
av = [ dx®* H1—|—€ Hl—i—s
k=1 k=1 k=1

We may define the dilatation as the relative change in volume

AV —dv  do([T;_,(1+e®) —1)

A =
dv dv

Ultimately we may approximate the change in volume by

A= 23: e®
k=1

= [(14eM)(14e®)(14®)]—1 = eW 423 4£G) L higher order terms

From this is pretty apparent that the elements on the diagonal is what contributes to change in

volume.

If we wish to know about the change in shape instead, we have to look at the shearing strains
€ij,1 # j. These are called destrutions. We may decompose the strain tensor into its two components

E=€pm +ED

In which
EM 0 0
Em = 0 ey O = mean normal strain
0 0 EM
And
€11 — &M €12 €13
Ep = €21 €22 —EM €93 = Strain Deviator
€31 €32 €33 —EM
and where 1
Em = F€ii
3

The deviatoric component characterizes a change in shape of an element with no change in volume.
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For stress its analogous, the stresses are also associated with the volume and shape change in the
same manner. We define
o=0)y+0p

Where
O M 0 0
0 O M 0
0 O M
And
011 —0M 012 013
op = 021 022 —OM 023
031 032 033 —OM
Again where
1
oM = 50ii
3

7.2 Compatibility

We see that we may compute the components of strain if the displacement is known from &;; =

%(u” + u;;) (provided they are once differentiable) - HOWEVER! The inverse problem is not so

direct, since we have six independent equations and only three unknowns, so the problem is harder.
If we just write down six functions and call them ”strain-components”, they may not correspond to
any real deformation, the body might ”tear” or ”overlap” if you tried to reconstruct the displacement
field from these random strain components. For that reason we have the compatability equations.

The compatability equations are a set of conditions that must be satisfied by the strain components
in order for them to correspond to something physically possible. One example could be the St.
Venant compatibility equations.

7.3 Recap until now

8 Lecture 8: Constitutive equation & Linear isotropic mate-
rials and the uniaxial stress.

8.1 Constitutive equations

8.1.1 0D example

We'll start this section by considering 1D example. We consider a 1D linear spring.

k B F=ROX (Liner)

FSAx

Figure 9: Displacement of a spring
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This is an example of linear elasticity. The strain energy in such a case is the area under the
graph.

1 1 )
Ue = §FA$ = ik(Ax)

Thus the strain energy in a linear material is quadratic. On integral form then

Az Azx
Ue :/ Fdx :/ kAxdx
0 0

o O
0Azx
Hookes law: We know the 1D Hookes law, which states in that in linear deformation, the more
you pull the more you strain, so for the spring this would mean

This also indicates that

F = Aze

We need deformation to have forces, thus we need deformation to have stresses. A more general 1D
linear elastic Hooke’s law is
o= FEe

8.1.2 Back to 3D

3D is not as nice as 2D - we don’t just have 1 ¢ and le, but entire tensors. We thus stand here with
the problem
Oij :??Eij

We want to relate all the strains to all the stresses, the must intuitive way is by using a fourth order
tensor
oij = Eijricnl

This is the 3D equivalent of hookes law, here instead of having one spring stiffness, as in F' = Az,
E;jii contains 34 = 81 components. We may write this in matrix notation as

o= Ee.

Imagine a 3D lattice where all points are connected by springs, one can think of E;;;; as individual
spring constants. When you twist and turn the lattice, the stiffness of each of the springs connecting
to the points are going to change. If we return to the elastic energy in 3D, it would be something
like 1

Ue = i(EijklfijEkl)

Where in the parts Ejjpien = 0;5. This is also quadratic due to the epsilon terms, to in general, if
we want force to be linear, then we need energy to be quadratic.

We may state the following. Since the stress is the derivative of the energy with respect to the strain

Oue
= O0;;
(961']‘ "
Which also implies?
0%u,
— Foiy = Epis
851‘3‘ 85kl 7kl klij
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So we may swap the pairs of indices, this is the major symmetry of the elasticity tensor. Therefore
we go from 81 to 36 independent components. We can reduce further using the fact that

055 = Eijricr = 0j; = Ejinicn

This implies that E;ji = Fjk, which implies minor symmetry. We may reduce further from 36 to
21 independent variables. So an important message is To describe the constitutive relationship
for an anisotropic material we need 21 material parameters.

8.1.3 3D for isotropic materials
This simplifies life a lot, since the material does not care on which way we pull on it - thus we only
need 2 independent material parameters. The law for isotropic materials are

055 = 21 + )\Ekk(sl‘j

Or inverted

1 A
Sl —
2 7 2u(2u + 3N)

We may put this on a matrix equation using voigt notation

Eij = 0ij 0Kk

o11 20+ A A A 0 0 0 €11
oo A 2u+A A 0 0 0 €22
oz || A A 2u+A 0 0 0 €33
o (T | O 0 0 2z 0 0 £1o
J923 0 0 0 0 2M 0 €93
J31 0 0 0 0 0 QM €31

Some conclusions can be drawn. The meaning of the first minor (so the first quadrant) - its the
normal part, it connects normal stresses with only normal strains, thus it must contain both youngs
modulus and poisons ratio. The fourth minor (fourth quardrant) is the shear part, it connects
shear stresses with only shear stresses. This is a way of seeing, that normal stresses only impact
normal strains, and shear stresses only impact shear strains. So if you want shear strain, you will
never get it by applying ONLY normal forces. These A and p are the lame constants, and they are
perfectly suitable, but we often define them in terms of other engineering constants. If we consider
the situation where we only have stress in 017 and all other stresses are 0, we would then define the
youngs modolus
B w(2u + 3X)
wHA

And the possoins ratio as
€22 _ €33 _ A

€11 €11 2(,LL+)\)

For A to remain finite, it must hold that
—-1<v<05

A physical interpretation is, that if v is positive, then the material contracts in the other directions,
when pulled in one direction. If its 0 it does not contract or expand, and if its negative, it expands
in the other direction. In the case of v = 0.5 the relative change in volume is 0 and the material is
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called incompressible.

If we want to do it in terms of the engineering constants, we may write it as
e=Clo

Where C~! is the called compliance matrix. In Voigt notation

€11 % —% —% 0 0 0 011
€922 —% % —% 0 0 0 022
£33 _ —% —% % 0 0 0 J33
e [ |0 0 0 55 0 0 o12
€23 0 0 0 0 5 0 23
€31 0 0 0 0 0 55 o31

8.1.4 Small note about transverse isotropic

For a transverse isotropic material, we have 5 constants instead of 2.

9 Lecture 9: Thermal Strains, the elasticity problem, the de
saint venant problem
The bullet points from this lecture are
e Thermal Strains
e The elasticity problem

e The De Saint Venant problem (This is in lecture 10 instead)

Examples / Exercises

9.1 Thermal strains

Temperature changes may be a source of stresses in elastic system. In this course, we assume a
linear relationship between the thermal strain and the temperature

(i) (T) = o[T — T

I dont know why the book only says its for the normal strains, but oh well. - This is because it
causes contraction and expansion, but it doesnt really change angles. Thus we may include thermal
strains in our generalized hookes law as

1
€ =4 (14 v)oi; — vdijoms] + adi; [T — To).

If the thermal strains cause tension, the material fractures, if it causes compression then it might
buckle.
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9.2 The elasticity problem

The elasticity problem, is the problem of how solid bodes deform and develop internal stresses
in response to external forces or displacements - under the assumption that the material behaves
elastically.

Usually we seek to find the displacement field u(xy, zq, 23). If this is found we can compute both
strain field and tensor field. The primary unknowns are the elements of the displacement vector

o uy(z1,72,23)
® uz(z1,72,23)
o uz(z1,72,23)
The governing equations are
e The kinematic equation: €;; = 3 (u;; + u;,;) (PDE)
e The constituve eqution €;; = + [(1 + v)o;; — ;0] (Algebraic eq)

e Equilibrium o;;; + f; = 0 (2nd order PDE - strain er den afledte af u, og nu afleder vi stress
igen som er direkte relateret til strain)

This constitutes a total of 15 equations. Usually some boundary conditions are also to be met

e Dirichlett BC: Boundary conditions on the displacement field directly. Something like uz(z =
L)=0.

e Neumann BC: Boundary conditions on stress. Maybe the surface is stress free.

e Dirichlett BC: Boundary conditions on rotation may also occur w. (in a similar manner
neumann conditions may occur on applied moment, but we have not gone thorugh any of this
in the course)

10 Lecture 10: The De Saint Venant Problem

In this lecture the bullet points are
e The De Saint Venant Problem
e Simple Bending
e The Torsion Problem

e Torsion of thin walled sections: hydrodynamic analogy

10.1 The De Saint Venant Problem

10.1.1 Assumptions and introduction

De Saint Venant considered straight cylinders
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Figure 10: Straight Cylinder

Where
e OB is the lateral surface (the surface excluding the base surfaces)
e B is the body / volume of the straight cylinder
The main assumptions for the De Saint Venant Problems are
e n-eg = 0 on the lateral surface dB;. This mean that n is always perpendicular to 0B,
e Loads can only act on base surfaces

e Longitudinal fibers can only exchange tangential stress. This implies that ¢ n-n = 0,Vn :
n-ez = 0. This means that normal stresses between neighboring longitudinal fibers are not
allowed - only shear stresses can exist between them.

The last assumption can be written as

011 012 013 ni ni
021 022 023 ng ny | =0 (2)
031 032 033 0 0

An explanation of each term is as follows:

e The vector with only n; and ny components is a unit normal vector lying entirely in the
cross-sectional plane of the cylinder: Its perpindicular to es. This means that the plane it
is representing is the plane between neighbouring longitudinal fibers (which run along the
cylinder axis)

e The first part g-n is the traction vector on this plane. Its the stress vector acting on the plane
with this normal

e The second multiplication (taking the dot product with n again) gives us the normal component
of this traction vector. This is what we just stated had to be zero.

Upon doing the matrix multiplication we get that

2
o11n] + 2012n1n2 + d22n2 = 0,Vnq, no (3)
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Since the equation has to hold for any ni,no, this leads to the result that:

011 =022 =012 =10 (4)

As a consequence, the cauchy stress tensor simplifies to

0 0 013 n1
0 0 o093 no =0 (5)
031 032 033 0

Where o33 is the only normal stress present, and the rest are the shear stresses.

10.1.2 Equilbrium equations

We now consider a general plane of normal n

Figure 11: Cylinder cut via general plane of normal n

If the cylinder is cut via an arbitrairy plane n, we may calculate the traction vector on this plane as

03113 03113 0
T,=cn= O32Mm3 = | osens | + 0 (6)
031M1 + 032M2 + 033N3 0 031M1 + 032M2 + 033N3

Now moving to the Equilibrium equations. Without body forces, the equations are divg = 0.
Within the De Saint Venant assumptions, they become

® 0313=0
® 0323=0
® 0311 +0322+0333=0

We define
And rewrite the equations as
®733=0

[ ] diVI3 = —03313
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10.1.3 Boundary conditions on the lateral surface

We have to enforce that there is stress on the boundary surface 9B;. (as there are no external forces
acting here) Mathematically, this may be stated as ¢ - n = 0 on 9B; where n - e3. This yields that

0 0 013 ni
0 0 o9 ny | =031m1 +032n2 =0 (7)
031 032 033 0
Which then impllies
73-n=0

So the shear stress is tangent to the boundary. Not sure what he wanted to achieve with this?
Afterwards he computes traction and stresse

10.1.4 The De Saint Venant Principle

Statically equivalent force systems, acting on the base surfaces of straight cylinders, give rise to the
same stress/strain states, except for small regions near the base surfaces.

A 1
N“_§ |
‘_.\ A
4 (E
7 7

Figure 12: Statically Equivalent force systems

10.1.5 Bary center of a cross section

Define a local reference frame (0;e;,e3) Then the position vector of G in this reference frame can

be compued as
Xg = / xdA
A

Where x¢ is the vector from origin to the barycenter.
10.2 Simple bending
We consider for an example, the case where My # 0 is the only torque acting on the body.

FIBERS N
TENSION Hz" o

) 3 A€ 4dn>0
=" ,
- v = 41
Flaers Ve, Ine®
IN CONPRESSIOV X,
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And Since the shear forces and the torsional moment are zero, we have 73 = 0,033 # 0. To satisfy
combatability, o33 has to be linear with z1,x2. Moreover since M; = 0, o33 cannot vary with xo
(compatability reduces to a 2D laplace eq in this case, idk, has to be linear therefore). Also since
M, = 0, then the o33 cannot vary with xo (nothing to change the stress in that direction), so we
may state that

033 = QT

We wish to find the moment, we integrate the force times distance over the area (if that makes
sense)

My = —/ 0332dA = —« / 22dA = —al,
A A

Mom of iner

I5 denotes moment of inertia around eq. This yields that

M,
033($1) = —T$1
2

The problem is linear, so we may do the same stuff when considering only normal forces, or the
other moment. Superposition for the general case yields

N M, M,
- ——T1+ 52

o33(x1,2) = 15 I,

10.3 Torsion

We consider circular cross sections (Both full and thin-walled). The analysis of circular cross section
is easier since they don’t warp under torsion.

Hy (( @HL?%

Figure 13: Circular cross section under torsion

Each section rotates around es by 6(x3). The rotation is linear, i.e

9(21?3) = 9/(1‘3) T3
——
Const
He derived a bunch of stuff but ends up with defiing the torsional rigidity as

M;3

CT:GJZF

Now this is for a solid cross section!
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10.3.1 Thin walled sections

A thin walled session may look like

CUORVILINEAR
COORDINATE —> ¢ /

Hin-LNE

Where

e §(s): Thickness

e [: Length of the midline
e )<< L

e sc[0,L]

e nc [—g, g]

There is no stress no the boundary, we have to enforce that. He uses this cool stuff to derive the
breds formulas. The first bredt formula is related to the shear stress in the z direction is given as

M,
(8 = 550

On top of that we have the second bredt formula, which talks about the torsional rigidity

4GA2,

Cr=GJ -
f 5C(ls)

e (G = shear modulus
e A,, = area enclosed by midline

e M; = Torsional moment

10.3.2 Thin walled vs thick walled: Example

We may consider a thin walled and a thick solid cylinder to compare their torsional stifness. For
the solid cylinder, the torsional stiffness is given as

1
GJ = GZTR‘* x GR*
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Thus a 10% increase in R causes a 40% increase in torsional stiffness. If we instead examine the
hollow cylinder (using the approximation that [ % ~ % we get

4G A? 4GR* §

GJ=—"~—— o GSR' = GR' ()
&~ F R
o(s) i)

So we see that the thin walled section is weaker by the solid shaft in torsion of a factor % - this is
called is slenderness.

11 Example appendix

11.1 Stress
11.1.1 Plane stress

When we don’t have any stress in one of our directions, then we have plane stress.

11.2 Strain
11.2.1 Max shear

Max shear is 45 degrees from principal strain (think 2D). The formula is

53 _ 50
Tmax =
2

In these cases the maximum shear are the off diagonal elements, and the diagonal elements are the
average normal stress. Something like
. { 3.1 }
1 3

In the case of pure shear, the matrix might look like

o 0 €12
=l ¥

There can only be pure shear if the trace is 0!

11.2.2 Pure shear
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11.2.3 Going from principal stress from max shear

Consider a case we're we have normal strain, so we have our principal configuration

_ €(1) 0 ]
© {0 £(2)

If i want a configuration with max shear, (in 2D) the diagonal elements will be the mean of the two
diagonal elements - and the off diagonal elements will be the distance between them divied by two,

SO
EmteEE)  E@—E
c = 2 2
E@—ew)  EwteE
2 2

Always where of course €2) > €1

11.3 Constitutive equations

11.4 Physical interpretations
12 Spgrgsmal

12.1 Spgrgsmal 1:
What is dilatation? How is it defined?

12.1.1 Svar

Dilatation is the relative change of volume. An approximation is A = g;;

12.2 Spgrgsmal 2:

Where does the eigenvalue problem come from? (Physical into mathematical)

12.2.1 Svar
Derive that bitch.

12.3 Spgrgsmal 3:

What are the compatability equations (i dont want you to write them, but just explain why they
are there, and their use)

12.3.1 Svar

We see that we may compute the components of strain if the displacement is known from ¢;; =
3(u;; + uj;) (provided they are once differentiable) - HOWEVER! The inverse problem is not so
direct, since we have six independent equations and only three unknowns, so the problem is harder.
If we just write down six functions and call them ”strain-components”, they may not correspond to
any real deformation, the body might "tear” or ”overlap” if you tried to reconstruct the displacement
field from these random strain components. For that reson we have the compatability equations.
The compatability equations are a set of conditions that must be satisfied by the strain components

in order for them to correspond to something physically possible.
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12.4 Spgrgsmal 4:

Write Gauss divergernce theorem. In index notation and in direct notation

12.4.1 Svar
Direct:

/Vv-dez/A(G-n)dA

v A

Index:

12.5 Spgrgsmal 5

What are the eigenvalues and eigenvectors of

Q
Il
oo
oz o
coco

12.5.1 Svar

p‘i]?:l = [p7pa 0]

Eigenvector for Az is (0,0,1). The ones for A\;&\y are any linear combination of (1,0,0)”7 and
(0,1,0)7.
12.6 Spgrgsmal 6

Given plane stress, is there also guaranteed plane strain? Give physical arguments or mathematical
if you can.

12.6.1 Answer

No, there is no guarantee. The poission ratio can induce strain in other directions than those of the
applied stresses. It can be seen directly from the generalized hookes law

1
€ij = E[(l + I/)O'ij — V(Sijo'kk]

12.7 Spgrgsmal 7

Can you come up with real life examples for the following
e (a) Hydrostatic stress
e (b) Plane stress
e (c) Uniaxial stress

Answer
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e (a) A body submerged in water
e (b) A thin metal sheet or plate

e (c) Suspension bridge cable, a concrete column under load (approximately)

12.8 Spgrgsmal 8:

What are the advantages of the airy stress function? When is it used?

12.8.1 Svar

The airy stress function is used when plane stress or strain may be assumed. It is powerful because
it satisfies the equilibrium equations by construction, and it reduces compatibility to a single PDE.
This it may be solved

12.9 Spgrgsmal 9:

What are the boundary conditions of a coffee cup sitting on a table?

12.9.1 Answer

Vertical displacement = 0 (cannot move through the table)
e IF no sliding, then horizontal displacements are also 0

e The table provides a reaction force, thus the stress on the bottom surface is the same as the
pressure applied on the contact area (for the bottom only)

e The side and top surfaces are on the outside are stress free, this on these surfaces o4;n; = 0
where n; is the outward normal at the surface.

e Inside the cup (if liquid is present) then the inner wall has a small hydrostatic pressure, but
this is most likely neglible.

e No strain at the top (although strain is usually not imposed as a boundary condition)

12.10 Spgrgsmal 10:

Which stresses give rise to strains in other directions than their own ones? (For linear isotropic
materials)

12.10.1 Svar

The normal stresses. Can be seen on generalized Hookes law. effect.

12.11 Spgrgsmal 11:

Hvordan maler man youngs modulus?
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12.11.1 Svar

Apply a known stress, measure the strain. Divide stress by strain (or take the slope of the stress-
strain curves linear part)

12.12 Spgrgsmal 12:

Hvordan maler man shear modulus?

12.12.1 Svar

Apply a known shear stress, then measure the angle, and divide shear stress by angle.

12.13 Spgrgsmal 13:

Can i get shear strains if i only apply a normal stress? (for a isotropic material)

12.13.1 Svar
Neach.

12.14 Spgrgsmal 14:
If v = 0.5, what is the dilatation of the material? What is this a material of this type called?

12.14.1 Svar

The dilatation is 0, the material is called incompressible.

12.15 Spgrgsmal 15:

In the equation
o =Ce

What is the name of the matrix C called? And what of its inverse C~1

12.16 Spgrgsmal 16:

What type of boundary conditions are associated with the displacement field? What type of bound-
ary conditions are associated with stress?

12.16.1 Svar

One has to recall that our displacement field is in this case what we treat as our ”unkown”
e Displacement: Dirichlet Boundary conditions. We enforce values at boundaries

e Stress: Neumann, since o;; is a function of displacement gradients (via strain)

12.17 Spgrgsmal 17:
Can you ALWAYS find a direction of pure shear?
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12.17.1 Svar

No. If the trace is not zero, then there will never be a case where all diagonal elements are 0.

12.18 Spgrgsmal 18:

If i increase the radius of a cylinder (not hollow, but a solid cylinder) by 10%. By approximately
how much will i increase the torsional stiffness?

12.18.1 Svar
Approx 40%. Due to
1
GJ =G-nR
~—~— 4

stif fness

12.19 Spgrgsmal 19:

By what factor is a thin walled cylinder approximately weaker than a full bodied one?

12.19.1 Svar
h

R
This is known as the slenderness. For higher radius or small & is becomes a lot weaker.

12.20 Spgrgsmal 20: Er kompatibilitetsbetingelserne ngdvendige men
ikke tilstraekkelige?

12.20.1 Svar

Kompatibilitetsbetingelserne for strain er ngdvendige, men ikke tilstrackkelige alene for eksis-
tensen af et displacement-felt. Dette skyldes folgende:

e Ngdvendighed: Et vilkarligt strain-felt €;; kan kun stamme fra et forskydningsfelt u;, hvis
det opfylder kompatibilitetsbetingelserne:

1
€ij = 5 (uij + )
og
Kompatibilitetsbetingelser (3D): ;5 k1 + €ki,ij — €ik,ji — Ejtik = 0
(Bemeerk: Ovenstaende er den generelle form i 3D.)

e Ikke tilstraekkelighed: Selv hvis kompatibilitetsbetingelserne er opfyldt, er det ikke altid
muligt at finde et displacement-felt, for passende randbetingelser ogsa er opfyldt. Derudover
er lgsningen kun entydig op til en stiv legemebevagelse (rigid body motion).

Konklusion:

Kompatibilitetsbetingelserne er ngdvendige, men ikke tilstrackkelige for eksistensen af
et displacement-felt; der skal ogsa tages hgjde for randbetingelser og eventuelle stive
legemebevacgelser.
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